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Abstract
We present a viable method to obtain real-time quantities such as spectral functions or transport coefficients at finite temperature
and density within a non-perturbative Functional Renormalization Group approach. Our method is based on a thermodynamically
consistent truncation of the flow equations for 2-point functions with analytically continued frequency components in the originally
Euclidean external momenta. We demonstrate its feasibility by calculating the mesonic spectral functions in the quark-meson model
at different temperatures and quark chemical potentials, in particular around the critical endpoint in the phase diagram of the model.
Keywords: spectral function, analytic continuation, QCD phase diagram
1. Introduction
The calculation of real-time observables like spectral functions represents a great challenge, due to the analytic
continuation problem, to all Euclidean approaches to thermal Quantum Field Theory (QFT). When based on numerical
data at discrete Matsubara frequencies the reconstruction of real-time correlations classifies as an ill-posed inverse
problem, as for example in Lattice QCD where techniques like the maximum entropy method (MEM) have to be used
[1, 2]. Therefore any approach that can deal with the analytic continuation explicitly is highly desirable.
In the following we present such a method [3, 4] to obtain spectral functions from the non-perturbative Functional
Renormalization Group (FRG) [5, 6, 7, 8, 9] at finite temperature and density where the analytic continuation is
performed on the level of the flow equations, as an alternative to the approach in [10]. In this way we have access to
retarded propagators and real-time spectral functions without need for any numerical reconstruction method.
Apart from being comparatively simple our method is also thermodynamically consistent, i.e. the screening masses
obtained from the thermodynamic grand potential agree with those extracted from the propagators in the space-like
zero momentum limit [11]. Moreover, our method satisfies the physical Baym-Mermin boundary conditions [12, 13]
and it can be extended to include the full momentum dependence of the 2-point functions in a computation of the
grand potential beyond leading order derivative expansion by iteration. Finally, it can also be applied to calculate
quark and gluonic spectral functions as an alternative to analytically continued Dyson-Schwinger equations (DSEs)
[14], or to using MEM on Euclidean FRG [15] or DSE results [16, 17, 18].
As an extension to previous results for the O(4) linear-sigma model in the vacuum [3], in these proceedings, which
are based on [4], we demonstrate the feasibility of our method by applying it to the quark-meson model [19, 20] which
serves as a low-energy effective model for QCD. We present results for the mesonic spectral functions in different
regimes of the corresponding phase diagram, in particular around the critical endpoint.
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Figure 1. (color online) Diagrammatic representation of the flow equations for the sigma and pion 2-point functions for the quark-meson model.
2. Theoretical Setup
The FRG represents a powerful tool for non-perturbative calculations in QFT and statistical physics. It involves
introducing an infrared (IR) regulator Rk to suppress fluctuations from momentum modes with momenta below the
associated renormalization group (RG) scale k. Vacuum and thermal fluctuations are then taken into account by
removing the regulator and lowering the scale k from the ultraviolet (UV) cutoff Λ down to zero. The scale dependence
of the effective average action Γk is given by the following, formally exact flow equation [21, 22],
∂kΓk =
1
2 STr
{
∂kRk(Γ
(2)
k + Rk)
−1} , (1)
where Γ(2)k denotes the second functional derivative of the effective average action, and the supertrace includes internal
and space-time indices as well as the integration over the loop momentum. We now apply this flow equation to
the quark-meson model by using the following Ansatz for the effective average action in the zeroth order derivative
expansion, where only the effective potential carries a scale dependence,
Γk[ψ¯, ψ, φ] =
∫
d4x
{
ψ¯
(
∂/ + h(σ + i~τ · ~pi γ5) − µγ0)ψ + 12(∂µφ)2 + Uk(φ2) − cσ} . (2)
with φi = (σ,~pi)i and φ2 = σ2 + ~pi2. The effective potential Uk is chosen to be of the form UΛ = mφ2 + λφ4 at
the UV scale which is here chosen to be Λ = 1 GeV. The four parameters h, m, λ and c are adjusted to reproduce
physical values for the pion decay constant and the mesonic screening masses for k → 0 in the vacuum, i.e. σ0 ≡ fpi =
93.5 MeV, mpi = 138 MeV and mσ = 509 MeV, with a constituent quark mass mψ of roughly 300 MeV.
In order to calculate spectral functions we first have to derive flow equations for the 2-point functions. These are
obtained by taking two functional derivatives of Eq. (1) and are represented diagrammatically in Fig. 1.1 Therein, the
quark-meson 3-point vertices are taken to be momentum and scale-independent, Γ(2,1)
ψ¯ψσ
= h and Γ(2,1)
ψ¯ψ~pi
= ihγ5~τ, while
the mesonic vertices are scale-dependent as they are extracted from the solution for the scale-dependent effective
potential. The flow equations for the retarded 2-point functions are then obtained by analytic continuation using the
following two-step procedure:
1. We first exploit the periodicity in the discrete external Euclidean p0 = i 2pinT of the bosonic and fermionic
occupation numbers in the flow equations:
nB,F(E + ip0) = nB,F(E) . (3)
2. In a second step, we replace the discrete imaginary external energy by a continuous real energy:
Γ(2),R(ω) = − lim
→0
Γ(2),E(p0 = iω − ). (4)
The resulting flow equations for the retarded 2-point functions are then solved numerically with the spectral functions
given by
ρ(ω) =
1
pi
Im Γ(2),R(ω)(
Re Γ(2),R(ω)
)2
+
(
Im Γ(2),R(ω)
)2 . (5)
1For explicit expressions for the flows of effective potential and 2-point functions, and details on their numerical implementation, see [4].
2
Ralf-Arno Tripolt et al. / Nuclear Physics A 00 (2018) 1–4 3
Μ = 0 MeV T = 10 MeV
0 100 200 300 400 500 600 700 Ω @MeVD10
-4
0.01
1
100
@LUV-2 D
T=100 MeV
ΡΣ
ΡΠ
2
3
4
5
6
0 100 200 300 400 500 600 700 Ω @MeVD10
-4
0.01
1
100
@LUV-2 D
Μ=292 MeV
ΡΣΡΠ
12
3
4 6
0 100 200 300 40010
-4
0.01
1
100
@LUV-2 D
T=200 MeV
ΡΣΡΠ
3
5
6
0 100 200 300 400 Ω @MeVD10
-4
0.01
1
100
@LUV-2 D
T=250 MeV
ΡΣΡΠ
3
6
0 50 100 150 200 25010
-4
0.01
1
100
@LUV-2 D
Μ=292.97 MeV
ΡΣ ΡΠ
1
0 100 200 300 400 Ω @MeVD10
-4
0.01
1
100
@LUV-2 D
Μ=400 MeV
ΡΣΡΠ
3
6
Figure 2. (color online) Sigma and pion spectral function from [4] are shown versus external energy ω at µ = 0 MeV but different temperatures
(left column) and at T = 10 MeV but different chemical potentials (right column). Inserted numbers refer to the different processes affecting the
spectral functions at corresponding energies. 1: σ∗ → σσ, 2: σ∗ → pipi, 3: σ∗ → ψ¯ψ, 4: pi∗ → σpi, 5: pi∗pi→ σ, 6: pi∗ → ψ¯ψ. See text for details.
3. Results
On the left-hand side of Fig. 2, the sigma and pion spectral functions, ρσ(ω) and ρpi(ω), are shown as a function
of the external energy ω at µ = 0 and different temperatures. Up to T = 100 MeV the spectral functions closely
resemble those in the vacuum, except for an increasing bump due to the thermal scattering process pi∗pi→ σ which
can only occur at finite temperature, denoted by number 5. The dominant peak in the pion spectral function signals a
stable pion while the sigma spectral function only shows a broad maximum due to the opening of the σ∗ → pipi decay
channel for ω ≥ 2mpi. At higher energies, i.e. for ω ≥ 2mψ, both the pion and the sigma meson may decay into a
quark-antiquark pair, giving rise to an increase in the spectral functions. At T = 200 MeV and T = 250 MeV, i.e.
beyond the chiral crossover transition, we observe that the sigma and pion spectral functions become degenerate as
expected from the progressing restoration of chiral symmetry.
The right-hand side of Fig. 2 shows the sigma and pion spectral functions at a fixed temperature of T = 10 MeV
but different values of the quark chemical potential. For a large range of chemical potentials the spectral functions
closely resemble their vacuum structure, as expected from the Silver Blaze property [23]. Only very close to the
critical endpoint, which is located at µ = 293 MeV and T = 10 MeV for our choice of parameters, one observes
changes in the sigma spectral function. At µ = 292 MeV the sigma meson has already become light enough to be
stable, giving rise to a peak in the sigma spectral function near ω = 300 MeV. Even closer to the critical endpoint, i.e.
at µ = 292.97 MeV the sigma pole mass has moved close to zero, indicative of the critical fluctuations near a second
order phase transition. At higher chemical potentials, e.g. at µ = 400 MeV, we again observe a degeneration of the
spectral functions due to the restoration of chiral symmetry.
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4. Summary and Outlook
We have presented a new method to obtain real-time quantities like spectral functions from the non-perturbative
FRG approach. The method is based on an analytic continuation from imaginary to real frequencies on the level of the
flow equations for the 2-point functions. It is symmetry preserving and thermodynamically consistent which allows
to study phase transitions and critical behavior. Apart from extensions to other spectral functions, e.g. of the ρ and a1
meson, which are of relevance for electromagnetic probes in heavy-ion collisions, there is also the exciting possibility
to study finite external spatial momenta which will allow for the computation of transport coefficients.
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